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Abstract 
This work consists of the characterization of a steel sheet fracture by the essential work of fracture method. The study 
required the conception and the realization of a strain sensor which allows measuring the deformations in specific points of 
the specimen. After an experimental verification of the May and Cotterell’s deformation model, tensile load-displacement 
curves are plotted for different ligament lengths. The specific essential fracture work value (we = 191.6 kJ.m-2) obtained by 
the extrapolation, to a zero ligament length, of the equation wf (L) describing the evolution of the specific total fracture work 
is very close to that calculated by the Wells’s method (we = 199.4 kJ.m-2). Concerning the minimum specific essential work 
of fracture, it represents approximately 80% of the specific essential work of fracture value (wemin= 154kJ.m-2). 
 
© 2015 The Authors.Published by Elsevier Ltd. 
Peer-review under responsibility of INEGI - Institute of Science and Innovation in Mechanical and Industrial Engineering. 
Keywords: Tenacity, Steel sheet, Ligament, Essential work of fracture, Non-essential work of fracture; 
1. Introduction 
The characterization of the material toughness is based on the study of stresses in the crack tip. The linear 
elastic mechanics, based on the assumption that the overall behavior of a cracked model is linear, allows 
describing this stress field for different stress configurations of the crack. When the plastic zone around the ends 
of the crack expands and reaches the limits of the specimen, the linear theory no longer holds; one must use a 
plastic analysis. In this case, the tenacity can be characterized by the critical value of the crack tip C.O.D. ‘δc’ or 
of the ‘Jc’ Rice integral. For ductile fracture of thin sheets Cotterell and Reddel have developed a method of 
characterization called the essential work of fracture method (EWF). This method is based on the distribution of 
the total work of fracture ‘Wf’ in an essential work of fracture ‘We’ spent in the fracture process zone and a non-
essential work ‘Wp’ developed in the protective plastic zone [1, 2, 3]. 
The essential fracture work, which is a material characteristic, is the work necessary for the propagation of 
the crack. The non-essential work of fracture spent in the volume of the protective plastic zone occurs only when 
the specimen geometry allows the plastic deformation away from the crack tip; it is not a material characteristic.  
Cotterell and Reddel consider that the total work of fracture for DENT specimens depends on the ligament 
length. This work, which in quasi static rupture equals ௙ܹ ൌ ׬ ܲ݀ݑ (P: load, U: displacement), is given by the 
following relation:  
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௙ܹ ൌ ௘ܹ൅ ௣ܹ ൌ ݓ௘ܮݐ ൅ ߚݓ௣ܮଶݐ                                                                                                                 (1) 
 
In this expression, it can be seen that the essential work of fracture ‘We’ is proportional to the ligament length 
whereas the non-essential work ‘Wp’ is proportional to the square of this length. 
The total specific work of fracture is written: 
ݓ௙ ൌ ௙ܹ ܮݐൗ ൌ ݓ௘ ൅ ߚݓ௣                                                                                                                             (2) 
This relationship shows that the specific total work of fracture varies linearly with the ligament length and its 
extrapolation to zero length (L=0) gives the specific essential work of fracture 'we'. This linearity is however 
subject to the plane stress state of the ligament and its total deformation before crack initiation. 
The method of Cotterell and Reddel has been used successfully on a wide range of metallic materials [3, 4, 5], 
polymers [6, 7, 8, 9, 10] and paper [11]. In all cases it was shown that 'we' is a material property for a given 
thickness. 
Nomenclature 
wf specific total fracture work 
we specific essential fracture work 
wp specific non-essential fracture work 
Ui displacement at crack initiation 
Ur displacement at fracture 
δi crack opening displacement at initiation of the fracture 
δp crack opening displacement at propagation of the fracture 
L ligament length 
t sheet thickness 
β shape factor 
2. Experimental conditions 
2.1. Geometry of the specimens  
The specimens are of DENT type (Fig. 1). They have two pre-notches sides of 1 mm width followed by two 
thin slits of 0.25 mm width. The root notch radii ρ1 and ρ2 have respectively 0.5 mm and 0.125 mm and the 
depth ‘E’ varies from 1.5 mm to 4 mm. The notches are obtained by wire EDM. The extreme values of the 
ligament length ‘L’ are fixed by the following relationship: 
3 à 5t  L  B / 3                                                                                                                                           (3) 
where ‘t’ is the sample thickness and ‘B’ the width. For a thickness of 1.2 mm, the ligament length varies from 
3.6 mm to 20 mm. This condition guarantees a plane state of stress of the ligament and a confinement of plastic 
deformations between the two notches of the specimen. 
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   Fig. 1. Geometry of the DENT specimen.                 Fig. 2. Synoptic scheme of the determination of specific essential work of fracture ‘we’. 
 
1. Base, 2. Support, 3. Fixed jaw, 4. Movable jaw; 5. Blade, 6. Blade fixing screw, 7. Adjusting screw, 8. 
Specimen, 9. Guide column. 
2.2. Material of the specimens 
The specimens are made of sheet steel ST-37-2 of 1.2 mm thickness used by ENEL - MEI - AZAZGA for the 
manufacturing of carcasses of electric engines and transformers. The chemical composition of the steel is given 
in Table 1. 
Table 1. Chemical composition of steel ST 37-2 (DIN norms). 
C P S N 
0.19% max 0.055% max 0.055% max 0.08% max 
The ST37-2 mechanical characteristics, obtained by tensile tests, are given in table 2. They are determined, 
under a loading speed of 1 mm/min, in the rolling direction of the sheet. The strain hardening coefficient ‘n’ is 
determined by using the Holomon model (V=V0Hn). 
Table 2. Mechanical properties in the rolling direction of the sheet. 
VE  [N/ mm2] VR [N/ mm2] A% E [N/ mm2] V0[N/ mm2] n 
204.6 327.3 34 182421 189 0.189 
2.3. Experimental device 
The measurement of the elongation of the length ‘2L’(Fig. 2) have required the conception and the realization 
of a strain sensor using the principle of bending blade clamped at one end and loaded at the other (Fig. 3). A 
strain gauge is stuck at a distance ‘l’ from the free edge of the blade which is in contact with the specimen at a 
distance 'L' from the axis of the notches.  
By elongating, the specimen causes a displacement of the blade. The resulting deformations are detected by 
the gauge. Knowing these deformations, we deduce the deflection of the free end of the blade which corresponds 
to the elongation of the gauge length ‘2L’. 
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Fig. 3. Extensometer. 
1. Base, 2. Support, 3. Fixed jaw, 4. Movable jaw; 5. Blade, 6. Blade fixing screw, 7. Adjusting screw, 8. 
Specimen, 9. Guide column. 
2.  
2.4. Test conditions 
The specimens are cut in the rolling direction of the sheet. Four ligament lengths (L1=5.46 mm, L2=8.91 mm, 
L3=14.53 mm and L4=19.43 mm) are considered. For each ligament length three specimens are tested. Tensile 
tests are carried out under 1mm/min loading speed. 
3. Results and discussions  
3.1 Results 
Tensile curves are shown in Fig. 4. They are identical and their shape is approximately parabolic. The total 
fracture work is given by the area under the graphs (Table 3). 
Table 3. Tensile tests results. 
L [mm] Smoy [mm2] Wf moy 103/Lt [kJ/m2] Pmax [kN] Ui moy [mm] Ur moy [mm] 
5,46 2,03 309,84 2,904 0,741 0,91 
8,91 4,05 378,64 4,674 0,753 1,23 
14,53 8,31 476,65 7,071 0,812 1,51 
19.43 14,1 606,18 9,494 0,821 1,59 
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Fig. 4. Charge–displacement curves. 
The fracture process is illustrated in Fig. 5. We observe here an extension of the plastic deformations to the 
whole ligament before the crack initiation in Fig. 5b [12]. The initiation of the rupture occurs at δi=Ui=0.705 mm 
and its propagation occurs when the opening of the notches reached 0.731mm (δp=Ur=0.731 mm). 
       
(a)                                                                         (b)                                                                            (c) 
Fig. 5. Fracture process: (a) Blunting of the bottom of notch; (b) Total deformation of the ligament, (c) Initiation of the fracture). 
The evolution of the displacement at fracture ‘Ur’ and displacement at crack initiation ‘Ui’ according to the 
ligament length is given in Fig. 6. As shown by May and Cotterell [2], displacement at the crack initiation is 
practically independent of the ligament length, it is equal to the crack opening δi (Ui=δi). Displacement at the 
fracture varies linearly with the ligament length. For zero ligament length, this displacement corresponds to the 
crack opening δp when the propagation of the fracture settles (Ur=δp). δp is slightly higher than δi. 
൜ ߜ௜ ൌ ௜ܷሺܮ ൌ Ͳሻ ൌ ͲǤ͹Ͳͷ݉݉ߜ௣ ൌ ௥ܷሺܮ ൌ Ͳሻ ൌ ͲǤ͹͵ͳ݉݉ 
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Fig.6. Variation of the displacement at crack initiation and the ultimate displacement according to the ligament length. 
Fig.7 illustrates the variation of the maximum load as a function of the ligament length. 
 
Fig.7. Variation of the maximum loading versus the ligament length. 
3.2. Determination of the specific essential work of fracture 
The specific essential work of fracture can be given by the Cotterell and Reddel method or the Wells method. 
3.2.1. Determination of the specific essential work of fracture by Cotterell and Reddel’s method 
The procedure of determination of the specific essential work of fracture is illustrated on the synoptic schema 
(Fig. 2), it consists of: 
x Determining the total specific work of fracture wf for each specimen of Li ligament length (Table 3), 
this work corresponds to the surface under the load - displacement curve (Fig. 4), 
x Plotting the curve showing the variation of the total specific work of fracture according to the ligament 
length (Fig. 8). This curve is described by the equation: 
ݓ௙ሺܮሻ ൌ ݓ௘ ൅ ߚݓ௣ܮ ൌ ʹͲǤ͹ͺܮ ൅ ͳͻͳǤ͸ 
x Calculating the specific essential work of fracture: 
ݓ௘ ൌ ݓ௙ሺܮ ൌ Ͳሻ 
The specific essential work of fracture spent in the fracture process zone is therefore: 
ݓ௘ ൌ ݓ௙ሺ ൌ Ͳሻ ൌ ͳͻͳǤ͸ ݇ܬ ݉ଶൗ  
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It is this work that causes the propagation of the crack. 
 
Fig.8. Specific essential work of fracture versus ligament length. 
3.2.2. Determination of the specific essential work of fracture using the method of Wells 
The specific essential work of fracture can also be given using the method of Wells. On the basis of the fact 
that the load-displacement curves are identical with approximately parabolic form, the total work of fracture can 
be written: 
௙ܹ ൌ ʹ ͵ൗ ௠ܲ௔௫ ௥ܷͳͲିଷ ൌ ݓ௘ܮݐ ൅ ߚݓ௣ܮଶݐ                                                                                                   (4) 
where Ur is the displacement at fracture and Pmax the maximum load. Pmax is written: 
௠ܲ௔௫ ൌ ߙܮݐ                                                                                                                                                   (5) 
where α, according to Hill, is a constant which is equal to: 
ߙ ൌ ͳǤͳͷߪோ                                                                                                                                                   (6) 
Then the specific total work of fracture is: 
ݓ௙ ൌ ʹ ͵ൗ ߙ ௥ܷͳͲିଷ ൌ ݓ௘ ൅ ߚݓ௣ܮ 
and the specific essential work of fracture obtained for a zero ligament length is: 
ݓ௘ ൌ ʹ ͵ൗ ߙߜ௣ͳͲିଷ                                                                                                                                      (7) 
The notch opening ‘δp’ at fracture is determined by the curve showing the variation of the ultimate displacement 
versus the ligament length (Fig. 6). It is given by the equation of the displacement at failure to zero ligament 
length. 
δp=Ur (L=0)=0.731 mm 
The constant α is determined by the curve giving the variation of the maximum load as a function of the ligament 
length (Fig. 7). 
௠ܲ௔௫ ൌ ߙܮݐ ൌ ͲǤͶͻ͵ͳͲଷܮ 
In considering ߙ ൌ ݇ߪோwe have ݇ ൌ ௠ܲ௔௫ ߪோൗ ݐܮ ൌ ͳǤʹͷ. For a sheet steel ST37-2 of a thickness 1.2mm and 
strength at failure of 327.3 MPa, the constant α is equal to: 
α=1.25σR 
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The value of α is close to that given by Hill. The specific essential work of fracture is thus equal to: 
ݓ௘ ൌ ͳͻͻǤͶ݇ܬȀ݉ଶ 
We note that the two methods give very close values of the specific essential work of fracture. The difference 
between the two values is about 4%. 
The minimum specific essential work of fracture is calculated with the method of Wells:  
ݓ௘௠௜௡௜ ൒ ଶଷ ߪோߜͳͲିଷ                                                                                                                                     (8) 
This work is the necessary one for the crack initiation. It is developed at the notch tip. For a steel ST37-2 of 
strength at failure of σR = 327.3 MPa and a displacement at crack initiation Ui=δi =0.705mm, the specific 
minimum essential work of fracture is equal to: 
ݓ௘௠௜௡௜ ൒ ͳͷͶ݇ܬȀ݉ଶ 
4. Conclusion 
When the ligament is in a plane stress state and deforms entirely before the initiation of cracking, the specific 
total work of fracture varies effectively linearly with the ligament length. It is the same with displacement at 
fracture. As for the displacement at the fracture initiation, it is practically independent of the ligament length. 
The fracture starts when the opening of notch equals 0.705 mm (δi=Ui=0.705 mm) and begins to spread as soon 
as the opening reaches 0.731 mm (δp=Ur =0.731 mm). 
The specific essential work of fracture value determined by the Cotterell and Reddel’s method is very close 
to that calculated using the method of Wells. The minimum specific essential work of fracture, necessary for 
initiation of the crack, represents about 80% of the specific essential work of fracture value. 
Compared to conventional methods of measurement of critical values of Rice integral ‘Jc’ and COD ‘δc', 
Cotterell and Reddel’s method is very easy to implement. It allows determining both the essential work of 
fracture and the COD which are the material characteristics for a given thickness. Its principal disadvantage is 
the relatively large number of specimens required. 
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